Entanglement of tripartite spin states under Lorentz transformations is studied in the context of Bell's inequality and positive partial transpose criterion. First the relativistic analogue of Bell's inequality is discussed for three qubit states by explicit calculation of the Wigner rotation. We use the relativistic invariant spin operator which is related to the Pauli-Lubanski pseudo vector. For observers at rest the Bell's inequality is speed-independent and maximally violated. For moving observers it's shown that Bell's inequality is violated and the amount of violation depends on the boost speed. We show that in ultrarelativistic limit Bell's inequality is still maximally violated. We also obtained the critical value for satisfying Bell's inequality. The critical value of boost speed for violation of inequality for particles moving in the center of mass frame is greater than that for particles moving with the same momentum. Second we investigate the entanglement distillability of tripartite mixed spin states under Lorentz transformations in the context of Werner states. We show that there are states that will change from distillable (entangled) into separable for a certain value of rapidity.
Introduction
Relativistic entanglement and quantum nonlocality are investigated by many authors [1] - [32] . Lorentz boosts entangle the spin and momentum degrees of freedom, so the entanglement between the spins changes if viewed from a moving frame. M. Czachor [7] , investigated Einstein-Podolsky-Rosen experiments with relativistic mas-sive spin-1 2 particles. The degree of violation of the Bell's inequality is shown to depend on the velocity of the pair of spin particles with respect to the laboratory. He considered the spin singlet of two spin-1 2 massive particles moving in the same direction. He introduced the concept of a relativistic spin observable: which is closely related to the spatial components of the Pauli? Lubanski vector. For two observers in the lab frame measuring the spin component of each particle in the same direction, the expectation value of the joint spin measurement, i.e., the expectation value of the tensor product of the relativistic spin observable of each constituent particle, depends on the boost velocity. Only when the boost speed reaches that of light, or when the direction of the spin measurements is perpendicular to the boost direction, the results seem to agree with the EPR correlation. Czachor considered only the changes in the spin operator part by defining a new relativistic spin operator. There, the state does not need to be transformed since the observer is at rest.
Alsing and Milburn [2] studied the Lorentz transformation of maximally entangled states. By explicit calculation of the Wigner rotation they described the observation of the entangled Bell states from two inertial frames moving with the constant velocity with respect to each other. They concluded that entanglement is Lorentz invariant. Terashima, et al. [30] [31] considered relativistic Einstein-Podolsky-Rosen correlation and Bell's inequality. They showed that the degree of the violation of Bell's inequality decreases with increasing the velocity of the observers if the directions of the measurement are fixed. They extended these considerations to the massless case. Ahn, et al. [1] [17] investigated the Bell observable for entangled states in the rest frame seen by the moving observer and showed that the entangled states satisfy the Bell's inequality when the boost speed approaches the speed of light. In this paper we would like to study the tripartite entanglement in relativistic regime.
The outline of the paper is as follows. In Section 2 we present a brief discussion on the Bell's inequality for three qubit states. In Section 3 we calculate the Lorentz transformation of three-qubit states. After that we derive the relativistic spin joint measurement of transformed state. Then we derive the expectation value for three-qubit GHZ and W states and calculate the Bell observable for these states. In Section 4 we consider the particles with Gaussian momentum distributions and investigate the distillability of entanglement using the Werner states. We conclude with a discussion in Section 5.
Bell's Inequality
Bell demonstrated that no local and realistic theory could ever agree with all predictions of quantum mechanics [33] . His theorem showed that the idea of completing quantum mechanics, so that the resulting theory would be deterministic, is impossible [34] . Bell's type inequality for tripartite systems are constructed from correlation function
here a , b and c are real three-dimensional vectors of unit length. For each measurement, one of two possible alternative measurement is performed: a or ′ a for particle 1, b or ′ b for particle 2, c or ′ c for particle 3. One form of the inequality which is proposed by Mermin is [35] ( )
Two fundamental classes of three qubit states which violates the Bell's inequality are Greenberger-HorneZeilinger (GHZ) and W states ( )
( ) 1 110 101 011 ,
here 0 and 1 represent the spins polarized up and down along the z-axis. The GHZ and W states are fully symmetric, i.e. invariant under the exchange of any two qubits, and greatly differ each other in their correlations properties. For a GHZ state if measurements are made in the xy-plane the correlation function to be (
, , cos , E 
Relativistic Entanglement of Quantum States and Bell's Inequality
We consider three-particle states described by state vectors made from is a product state vector of length 1, that represents a state for the momenta of the three particles composed of a state where the momentum of particle A is concentrated around a value A p and etc., and spins represents a state for the spins of the three particles.
We assume that three particles move with the same momentums, for example in x-direction, then the GHZ and W-states are written as ( ) (10) For calculation of Bell observable, we use the relativistic spin operator defined by M. Czachor [7] ( ) ( )
where the subscripts ⊥ and  denote the components which are perpendicular and parallel to the boost direction. First we define ( ) 
.
Effects of relativistic spin observable ˆâ b c ⊗ ⊗ on three-qubit states is presented in Appendix B, using them we obtain the expectation value of GHZ as follows 
One can easily show that the expectation value (14) for set vectors (6) 
We obtain the degree of violation for two cases.
In this case Wigner representations of the the Lorentz group for particles are written by ( )
where wigner rotation δ is defined in Appendix A, relations (140) and (141). Then for GHZ state we have We assume particles are emitted in a plane in a configuration in which the three momenta lie at angles of 2π 3 to each other. In this situation particles are in the center of mass frame with the following momentums
Wigner representations of the the Lorentz group for particles 1, 2 and 3 respectively are written by 
In this situation for GHZ state coefficients are 
In ultra relativistic limit as 1
which is not correlated. In non-relativistic limit ( )
2 2 cos . 
here we consider to the vector set inducing the maximal violation of Bell's inequality for GHZ state in non relativistic case. With set vector (6) we have
Then for GHZ and W state we have
For case I the Bell observable for GHZ state takes the form
In ultrarelativistic limit as 1 β → , (39) reduces to
In this limit amount of violation for very high energy particles goes to zero, but for low energy particles approaches to 4, similar to non-relativistic limit 0 β → . When particles are in the center of mass frame (case II) Bell observable for GHZ state to be ( ) 
then the amount of violation takes the form 
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with the set of vectors (8) sin sin cos .
Assume that three particles move with the momentums p . Then the Bell observable for GHZ state to be ( ) 
Distillability of Entanglement
In the previous section for simplicity we assumed that momentum of particles are sufficiently localized around momentum p . Realistic situation involve the wave pockets with Gaussian form. In this section we consider the specific situation in which Alice (A), Bob (B) and Charlie (C) share a tripartite mixed state which is mixture of Greenberger-Horne-Zeilinger (GHZ) state with identity, with respect to an inertial frame S . Moreover, in order realize the effects of relativity on distillability, we also consider another inertial frame S′ , where relatives A′ , B′ and C′ of A , B and C are moving with relative velocity v , with respect to S . For a composite system of three qubits one can consider the Werner state [36] 
The basis is { } 000 , 001 , 010 , 011 , 100 , 101 , 110 , 111 . To determine whether or not this state is entangled we use the partial transpose criterion [37] . We say a density matrix ρ has a positive partial transpose if its partial transposition has no negative eigenvalues. The eigenvalues of partial transpose of density matrix are 
Then the state to be entangled for 1 5 q > and separable for 1 5 q < . The GHZ state is made up of three particles, say electrons with mass m , having two types of degrees of freedom: momentum p and spin 1 2 s = . The former is a continuous variable while the latter is a discrete one. Each particle is assumed to be localized, as in a box, and its momentum p will be described by the same Gaussian distribution. Then the GHZ state is
where a p , b p and c p are the corresponding momentums vectors of particles A , B and C and
with Gaussian momentum distributions ( ) ( ) 
If we trace the momentum degrees of freedom we obtain the usual GHZ state. The general density matrix for three particle systems with momentums , a b p p and c p is given by 1 . 8
For obtaining the Lorentz transformation of density matrix (69), we need the relativistic properties of spin entropy for a single, free particle of spin-1/2. The quantum state of a spin-1/2 particle can be written in the momentum representation as follows
where
The density matrix corresponding to state (73) is
By setting ′ ′′ = = p p p and integrating over p we obtain the reduced density matrix for spin Under the Lorentz transformation the states (65)-(67) transformed as [15] ( ) ( ) ( ) ( )
Now under Lorentz boost density matrix (69) transformed into correct, though not necessarily physically consistent. The case of w m  would produce fast wave-packet spreading, yielding an undesired particle delocalization. It can be appreciated in Equation (82) that the expression is decomposable in the sum of the tensor products of 2 2 × spin blocks, each corresponding to each particle. We compute now the different blocks, corresponding to the four possible tensor products of the states (79) and (80) ( ) ( ) ( ) ( )
With the help of Equations (84)- (87), it is possible to compute the effects of the Lorentz transformation, associated with a boost in the x direction, on any density matrix of two spin-1/2 particles with factorized Gaussian momentum distributions. In particular density matrix (81) reduced to 
To determine whether or not this state is entangled we use the partial transpose criterion [37] . We say a den-sity matrix ρ has a positive partial transpose if its partial transposition has no negative eigenvalues. The partial transpose criterion provides a sufficient condition for the existence of entanglement in this case: if at least one eigenvalue of the partial transpose is negative, the density matrix is entangled. The eigenvalues of PT density matrix are ( ) { } tillability of state is possible in rest frame S but is impossible in moving frame S′ . Then there are states that will change from distillable (entangled) into separable for a certain value of n , showing the relativity of distillability and separability.
Summary
In conclusion, we obtained the relativistic spin joint measurements for Lorentz transformed three-qubit states as momentums of particles are perpendicular to the boost speed. We show that in ultrarelativistic limit joint measurements are uncorrelated. Using Bell's inequality, we studied the nonlocal quantum properties of states in relativistic formalism. Bell's inequality is maximally violated in rest frame or in moving frame with rest particles, but is not always violated as seen by moving observer, because the degree of violation of Bell's inequality depends on the velocity of the particles and observer. In non-relativistic case the spin degrees of freedom and momentum degrees of freedom are independent. But in relativistic regime Lorentz transformations of spin of particle depend on its momentum. Lorentz transformations can change the entanglement of the spins of massive particles. EPR experiment for three qubits is investigated for two cases. In the first case particles move with the same momentum and in the second case particles move in the center of mass frame. Bell's inequality is maximally violated in relativistic regime. In ultrarelativistic limit inequality is still maximally violated, which is not same as two-qubite case [1] [17] . For W state when measurement performed in xy-plan in ultrarelativistic limit inequality is violated, but in non-relativistic limit reaches to zero. Finally, for very high energy particles we obtained a critical value for satisfying Bell's inequality. For GHZ and W states critical value for violation of Bell's inequality when particles move in the center of mass is greater than the case when particles move with the same momentum.
For particles with Gaussian momentum distributions we show that there are states that will change from distillable (entangled) into separable for a certain value of n, showing the relativity of distillability and separability. 
The concept of intrinsic spin and angular momentums can be generalized to relativistic situation using the Pauli-Lubanski tensor
with components 0 0 , .
This tensor satisfies in following relations 0, , 0,
, .
From the algebra of the generators one finds that P P 
For a particle of nonzero mass m , one can define intrinsic spin S and orbital angular momentum L using ( )
Note that 
, ,
In the rest frame the spin vector is 1 m = S W . Actually S is the spatial part the vector W transformed to the rest frame of p . That is
where p Λ is the pure Lorentz transformation which maps the time axis into the direction of the vector p ( )
the explicit form of the matrix
Another candidate for spin operator is based on the center of mass operator defined by σ σ σ . So the normalized operator corresponding to the spin projection along an arbitrary direction is [7] ( ) ( ) 
where the subscripts ⊥ and  denote the components which are perpendicular and parallel to the boost direction. Operator â is related to the Pauli-Lubanski pseudo vector which is relativistic invariant operator corresponding to spin. Irreducible representation of Poincaré group constructed from irreducible representation of little group which leaves the reference four momentum k invariant. The rotation R p takes the three-vector initially pointing in the z-direction into a three-vector pointing along the direction of p associated the four vector p . If the direction of p is directed by polar angle θ and an azimuthal angle φ , then ( ) 
The rotation is a sequence of three rotations: first about the z-axes by angle φ − then about the y-axes by angle θ then again around the z-axes by angle φ . The Lorentz boost L p which takes an initially massive state at rest into a state with momentum p is ( ) 
The normalization factor N p is chosen to satisfy ( ) (
, , 
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which can be written in the abbreviated form ( )
